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Formulas for Test 1

Finite element method
(FEM1)
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Rules for writing Test 1

To write efficiently and not waste time:

•We enter the room only with writing utensils in hand, 
•When entering the room, please leave your bags against the wall or on the windows,
•Take your seats efficiently (every second chair in a row).

Group A
Enters the room from 12:00
Distribution of questions 12.05
Test starts 12.10
End of writing 13.00
Quick exit from the room

Grupa B
Enters the room from 13.05
Distribution of questions 13.10
Test starts 13.15
End of writing 14.05
Quick exit from the room
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Local spring stiffness matrix:

equivalent load vector
𝐹𝑝

𝑒 = 𝑡𝑒න

0

𝑙

𝑝 𝑁 d𝑠

Shape functions of the 8-node quadrilateral finite elment:

Gaussian quadrature rule:

For 2D elements: න
−1

1

න
−1

1

𝑓 𝜉, 𝜂 𝑑𝜉𝑑𝜂 = 

𝑗=1

𝑛



𝑖=1

𝑛

𝑤𝑖𝑤𝑗 ∙ 𝑓( 𝜉𝑖 , 𝜂𝑗)

𝑁(𝜉, 𝜂) =
𝑁1(𝜉, 𝜂) 0

0 𝑁1(𝜉, 𝜂)
𝑁2(𝜉, 𝜂) 0

0 𝑁2(𝜉, 𝜂)
… 𝑁8(𝜉, 𝜂)
… 0

0
𝑁8(𝜉, 𝜂)

2 × 16

shape function matrix:

𝐽1 = 
0

𝑙
𝐿1
𝑞
𝐿2
𝑟 d𝑙 =

𝑞!𝑟! 𝑙

𝑞+𝑟+1 !

Integrals of barycentric functions:

𝐽2 = 
𝐴𝑒
𝐿1
𝑞
𝐿2
𝑟 𝐿3

𝑡 d𝐴𝑒 =
𝑞!𝑟!𝑡!

𝑞+𝑟+𝑡+2 !
2𝐴𝑒

equivalent load vector
𝐹𝑋

𝑒 = 𝑡𝑒 න

𝐴𝑒

𝑋 𝑁 d𝐴𝑒

CST element

න
−1

1

𝑓 𝜉 𝑑𝜉 = 

𝑖=1

𝑛

𝑤𝑖 ∙ 𝑓 𝜉𝑖 + 𝑅𝑛 𝑅𝑛 = 0     ⇒
𝑑2𝑛𝑓

𝑑𝜉2𝑛
= 0

due to surface load:

due to mass forces:
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